We theoretically investigate the spin resolved Friedel oscillation (FO) and quasiparticle interference (QPI) in graphene induced by an Anderson impurity. Once the impurity becomes magnetic, the resulted FO becomes spin dependent, which gives rise to a local magnetic moment oscillation with an envelop decaying as r −2 in real space in the doping cases. Meanwhile, at half filling, the charge density and local magnetic moment will not oscillate but decay as r −3 . Such spin resolved FO has both sublattice and spin asymmetry. Interestingly, the local magnetic moment decay at half filling only occurs at one sublattice of graphene, which is quite like the phenomenon observed in a recent STM experiment [H. González-Herrero et al., Science 352, 437 (2016)]. We further give an analytic formula about such spin dependent FO based on the stationary phase approximation. Finally, we study the interference of quasiparticles around the magnetic impurity by calculating the spin-dependent Fourier-transformed local density of states (FT-LDOS). Our work gives a comprehensive understanding about the local magnetic moment oscillation around an Anderson impurity on graphene.
I. INTRODUCTION
Friedel oscillation (FO) is the impurity induced spatial oscillation of charge density or local density of states (LDOS) in Fermi gas, e.g., metals, which can be understood as quasiparticle interference (QPI) pattern around the impurity [1] . In experiment, FO can be directly observed with scanning tunneling microscopy (STM) by measuring the LDOS around the impurity. With the Fourier-transform (FT) STM technique, FO provides a feasible way to detect the dispersion relation and chirality of quasiparticles in the host metal, and has been investigated in various systems, such as metal surface states [2] [3] [4] , strongly correlated materials [5, 6] , topological insulators [7] [8] [9] [10] and 2D materials [11] [12] [13] [14] [15] [16] [17] .
Due to the novel massless Dirac dispersion relation [18] , the FO in graphene has been intensively studied in last decade. Unlike the conventional 2D electron gas, the FO in graphene has some unusual features [13] [14] [15] [16] [17] [19] [20] [21] [22] [23] [24] . The key issue is the two different impurity scattering processes, i.e. intervalley and intravalley scattering. At low energy, the intravalley scattering gives rise to a long wavelength FO in LDOS with envelope decaying like r −2 , which results from the suppression of backscattering due to the pseudo spin degree of freedom [19, 21] . The intervalley scattering is responsible for a short wavelength oscillation of LDOS with a r −1 decay [19, 20] . Meanwhile, it is predicted that the FOs on the two sublattices of graphene have opposite sign, i.e. sublattice asymmetry [22] , which can essentially influence the STM observation due to the experimental resolution.
Graphene with adsorbed atoms can be well described by the Anderson impurity model [25] . Distinct from other kinds of defects, e.g., vacancy, substitutional impurity, an Anderson impurity is not a simple local potential * jinhua@hust.edu.cn perturbation, but can be magnetic or nonmagnetic depending on its parameters [26, 27] . It implies that the FO resulted from an Anderson impurity should be more complex than that induced by a potential impurity, since that the spin degree of freedom has to be considered. A typical example may be the hydrogen atom on graphene, which has been intensively studied both theoretically [28] [29] [30] [31] [32] [33] and experimentally [34] [35] [36] [37] . A recent STM experiment shows that a hydrogen impurity can induce atomically modulated spin texture in graphene around it, which extents several nanometers away from the hydrogen impurity [37] . In our recent paper [38] , we have illustrated that the hydrogen adatom on graphene can be effectively viewed as an Anderson impurity, though the Coulomb interaction on carbon atoms plays an important role in making the local magentism around the adatom. To the best of our knowledge, there is still no a detailed analysis about the Anderson impurity induced FO and quasiparticle interference (QPI) in graphene, despite some interesting phenomena have been observed in experiment.
In this work, we theoretically investigate the FO and QPI induced by an Anderson impurity on graphene, and especially focus on the situations when the Anderson impurity becomes magnetic. We first numerically calculate the spin resolved charge density around an Anderson impurity with the self-consistent mean field method based on tight-binding (TB) model. The numerical results indicate that, once the impurity becomes magnetic, the FO becomes spin dependent, which will give rise to a local magnetic moment oscillation in real space and has both spin and sublattice asymmetry. An interesting case is the half filling. At half filling, since k f = 0, the local magnetic moment will not oscillate but decay like r −3 on the sublattice not directly coupled to the impurity (sublattice B), while the local magnetic moment is tiny on the other sublattice (sublattice A). Note that this behaviour of local magnetic moment is very like the phenomenon observed in the recent experiment [37] . With finite doping, oscillations of local magnetic moment are found on both sublattices, and the amplitudes of the oscillations will decay as r −2 . We argue that this kind of local magnetic moment oscillation can be observed in experiment by fine tuning the doping.
In addition to the numerical calculation, we give an analytic formula about this spin dependent FO on graphene in a special case, i.e. the FO on sublattice A along the armchair direction. Considering the spatial symmetry of graphene, this analytic formula actually can well describe the behaviour of the spin dependent FO resulted from an Anderson impurity. The local magnetic moment oscillation can be described by this analytic formula as well. At last, we also study the spin-dependent QPI by calculating the Fourier-transformed LDOS (FT-LDOS). Once the impurity becomes magnetic, up and down spins feel different scattering potential, and have different FT-LDOS.
The rest of the paper is organised as follows. In Sec. II, we give the relevant theoretical model and method. We discuss the numerical and analytic results of the spin dependent FO in Sec. III. Sec. IV is a brief summary.
II. MODEL AND METHOD

A. Hamiltonian
The system we study comprises a graphene monolayer and an Anderson impurity adsorbed on the top site of one carbon atom. The Hamiltonian of the whole system is
Here, H 0 is the Hamiltonian of graphene monolayer
where a i,σ (b j,σ ) is the annihilation operator of electron with spin σ =↑, ↓ at atomic site i (j) of sublattice A (B), t is the nearest-neighbor (NN) hopping. The impurity is described by
where d σ is the annihilation operator of impurity electron with spin σ, ε 0 is the energy level of the impurity orbital, and U is the on-site Coulomb interaction. We assume that the impurity is at the origin, and coupled to an atom of sublattice A of graphene. Then the hybridization term is
where V is the coupling between the impurity and the host atom.
For the Hubbard U term, we use mean-field approximation (5) where n σ = d † σ d σ . Replacing the Hubbard term in Eq. (3) with above approximation, the impurity level can be redefined as ε σ = ε 0 + U nσ , which becomes spin dependent.
B. T -matrix approach
We use the T -matrix approach [17, 19, 20, 24, 39] to calculate this impurity model. Since it is a TB Hamiltonian in Eq. (1), the influence of lattice structure has been considered in detail in the calculation. Note that the Tmatrix method here is beyond the Born approximation.
We first determine the mean fields by solving the following self-consistent equation
where f (ω) is the Fermi-Dirac distribution, and G dd,σ (ω) is the retarded Green's function of the impurity electrons. G dd,σ (ω) is given by
Here, Σ(ω) = V 2 g 00 (ω) denotes the retarded self-energy, and g(ω) = (ω −H 0 +i0 † ) −1 is the retarded Green's function of the pristine graphene. In real space, g ii (ω) gives the diagonal matrix element of g(ω), where i is the index of the atomic site. For instance, g 00 (ω) is for the host carbon atom at origin, to which the impurity is coupled. With the calculated n σ , the retarded real-space Green's function of graphene can then be calculated with the Dyson equation
where the the influence of the impurity is attributed to a spin dependent diagonal element of the T -matrix,
In principle, the Anderson impurity can be equivalently viewed as a spin dependent local potential V 2 /(ω − ε σ + i0 † ) applied on the host carbon atom [40] . Now, with the Green's function in Eq. (8), we can calculate other quantities. The variation of the charge density due to the impurity scattering is given by
where ∆G ii,σ (ω) = G ii,σ (ω) − g ii (ω) is the variation of the retarded Green's function. Since spin degree of freedom is considered, the corresponding local magnetic moment on each site can be evaluated by The change of the real-space LDOS is
By Fourier transformation, we get the FT-LDOS [41] ∆ρ
where N is the number of unit cells, α = {A, B} is sublattice index and ∆G αα,σ (k ′ , k, ω) is the variation of retarded Green's function in momentum space. With all the formulae above, we can numerically calculate the spin-dependent FO and QPI pattern in graphene in the presence of an Anderson impurity.
III. RESULTS AND DISCUSSIONS
Here, we will focus on the cases when the Anderson impurity is in magnetic phase, since that the cases of a nonmagnetic impurity has been intensively studied [19] [20] [21] [22] [23] [24] . We first discuss the spin dependent FO in graphene induced by an Anderson impurity. We then give an analytic formula to describe this spin dependent FO and local magnetic moment oscillation. Finally, we calculate the spin dependent FT-LDOS to understand the scattering and interference of quasiparticles of an magnetic Anderson impurity.
A. Numerical results about the FOs
Anderson impurity on graphene has been intensively studied in last decade, and its magnetic phase diagram is well known [26, 27] . Here, we use the mean field approximation and do not consider the Kondo physics [42] [43] [44] [45] [46] . It should be noted that to observe the Kondo physics on graphene is still a big challenge to experiment, and so far most of the experiments about the adatoms on graphene can be understood at the mean field level. In our numerical calculations, by choosing proper values of the parameters (i.e., ε 0 , U , E f , and V ), we can study the FOs for both the magnetic and nonmagnetic phases of the Anderson impurity. For example, ε 0 = −0.65 eV, U = 3 eV, V = 1 eV, E f = 0.6 eV are the typical values of parameters for magnetic impurity.
In addition to the spin degree of freedom, the two sublattices should be treated separately. It is because that the top site impurity breaks the sublattice symmetry. It is indicated that the FOs on the two sublattices are different in the presence of potential scatters [22] .
We first show the spin resolved charge density variation ∆n i,σ on sublattices A and B in Fig. 1 , where the charge density is plotted along a line in the armchair direction, and the horizontal axis |R i | is the distance to the Anderson impurity. Figs. 1(a) and 1(b) are for the doping case with Fermi energy E f =0.6 eV. We see that, when the impurity becomes magnetic [ Fig. 1(a) ], the FOs for the up and down spin become different, and they have opposite sign on the same site. So, in Fig. 1(a) , the charge density oscillations have both sublattice and spin asymmetry. In order to show the spin asymmetry more clearly, we plot ∆n i,σ in the graphene plane (impurity is at the origin) in Figs. 1(e)-1(h). For example, it is clear that, on sublattice A, ∆n i,σ for up spin [ Fig. 1 (e)] and down spin [ Fig. 1(f) ] behave oppositely. The case of sublattice B is given in Figs. 1(g) and 1(h). Later, we will give an analytic formula about this spin dependent FO. Actually, the charge density for the up and down spin both oscillate as a sine function, but have a phase shift. With the parameters used in Fig. 1(a) , the phase shift induces a minus, so that the charge density variations for up and down spin on the same site always have opposite sign. As a comparison, when the Anderson impurity is in nonmagnetic phase [ Fig. 1(b) ], the FO only has sublattice asymmetry, which is in agreement with former literature [22] . In addition, for the doping case, the amplitude of FO always decays as r −2 , no matter whether the impurity is magnetic or not. This also can be shown clearly by the analytic formula given in next section.
In Figs. 1(c) and 1(d), we plot the charge density variation at half filling. Since k f = 0, ∆n i,σ will not oscillate anymore, but decay as r −3 . When the impurity is magnetic [ Fig. 1(c) ], the spin and sublattice asymmetry still occur. And, in the nonmagnetic case [ Fig. 1(d) ], only sublattice asymmetry can be observed.
This spin dependent FO, together with the sublattice asymmetry, will give rise to some interesting phenomena. One is the appearance of local magnetic moment oscillation. As shown in Fig. 1(a) , the FO of electron density with up spin has a phase shift relative to that with down spin. It implies that the local magnetic moment on graphene will become nonzero, when the Anderson impurity is magnetic. Meanwhile, this spin asymmetry will also suppress the oscillation amplitude of total charge density, since that ∆n i,σ for spin up and down may cancel each other out. We plot the corresponding local magnetic moment M i = (∆n i↑ − ∆n i↓ )µ B and total charge density variation ∆n i = ∆n i↑ + ∆n i↓ in Fig. 2 . With finite doping, an obvious local magnetic moment oscillation is found when the impurity is magnetic [see Fig. 2(a) ], and the corresponding charge density oscillation is given in Fig. 2(b) . Note that, both the charge and local magnetic moment oscillations are sublattice asymmetric. If the impurity is in nonmagnetic phase, the spin degree is degenerate and local magnetic moment becomes zero [see Fig. 2(c) ]. In this case, only charge density oscillation can be found [see Fig. 2(d) ].
Figs. 2(e)-2(h) are the results for the half filling case. Though there is no oscillation at half filling, local magnetic moment decay still occur for a magnetic Anderson impurity [see Fig. 2(e) ]. Note that, the local magnetic moment on sublattice A is very tiny, and an obvious decay of local magnetic moment can only be found on sublattice B. Interestingly, this sublattice dependent magnetic moment decay is very like the one observed in the recent STM experiment [37, 38] , where obvious local magnetic moment decay is only found on sublattice B around a hydrogen impurity. The corresponding charge density variation ∆n i is also given in Fig. 2(f) . If the impurity is nonmagnetic, the local magnetic moments on lattice sites are zero [see Fig. 2(g) ], while the charge density decay still can be found as shown in Fig. 2(h) .
To study how rapid M i and ∆n i decay, we plot log |M i | and log |∆n i | as functions of log |R i | in the insets of Fig. 2 . Here, the green squares are the data for sublattice A, and the blue dots are for sublattice B. The black and red lines are the linear fitting results for sublattice A and B, respectively. In doped graphene [see insets of Figs. 2(a), 2(b) and 2(d)], the slops of the black and red lines are about −2, which indicates that ∆n i and M i both decay as r −2 . At half filling [see insets of Figs. 2(e), 2(f) and 2(h)], the slopes of the fitting lines are about −3, which implies a decay rate of r −3 for both ∆n i and M i . The decay rates here are in accordance with the former studies about FO in graphene induced by local potential perturbation [19, 20] .
Comparing the results in Fig. 1 and Fig. 2 , it is obvious that the amplitude of the total charge density oscillation is suppressed due to the spin asymmetry of FOs. We replot ∆n i,σ and ∆n i together in a concrete case and give a detailed comparison in Appendix A.
B. Analytic formulae for the spin dependent FO
Here, we interpret the spin dependent FO in a more analytic way with the method used in Ref. [22] . The starting point is the analytic expression about the retarded real-space Green's function of bare graphene
which is derived within the stationary phase approximation (SPA) [47] . Here, the subscripts i and j denote two carbon sites. D = 2|R i − R j |/3a 0 represents the separation between them with bond length a 0 = 0.142 nm as unit. A(ω) and Q(ω) depend on the sublattice configuration of sites i and j and direction between them. For two sites on the same sublattice in a line along the armchair direction, we have [47] A
which are only valid in the energy region |ω| < |t|. Thus, with Eqs. (13) and (14), we can get an analytic formula about the FO along the armchair direction. Note that, this analytic bare Green's function is a rather good approximation, when D is larger than several lattice constants. Now, with T -matrix formulae given in Eqs. (8) and (9), we can use this bare Green's function to get an analytic expression of the spin resolved charge density along armchair direction at zero temperature
where E f is the Fermi energy and D = 2|Ri| 3a0 represents the distance from the impurity. The sum coefficients γ n,σ (E f ) is defined as
where L (n) σ (ω) denotes the n th derivative of the function L σ (ω) = T 00,σ (ω)A 2 (ω). Considering the validity of SPA, Eq. (15) can give a well description about the charge density variation for the carbon sites far away from the impurity. We also see that, when D is not small, only the first several terms are needed in the calculation. The details to derive Eq. (15) are given in Appendix B.
Precisely speaking, Eq. (15) can only describe the FO on sublattice A in the armchair direction [see the dashed black lines in Figs. 1(e) and 1(f) ]. But due to the rotation symmetry of the graphene lattice [see Figs. 1(e) and 1(f) ], it can also approximately describe the FO along other directions. However, we can not give an concrete formula about the FO on sublattice B with similar method, because that we do not have simple expressions about A(ω) and Q(ω) when i, j belong to different sublattices.
Next, we discuss the characteristics of FO described by Eq. (15). In undoped system with E f → 0, we have Q(E f ) → 0. And the first two terms of γ n,σ (E f ) (n = 0, 1) are
Considering the first non-zero term in Eq. (15), the charge density can be approximated as
It means that, at half filling, there is no oscillation, but the charge density decreases monotonically as r −3 . More importantly, if the Anderson impurity is magnetic and ε ↑ < 0 < ε ↓ , ∆n i,↑ and ∆n i,↓ always have opposite sign. This is just the situation in Fig. 1(c) . The corresponding local magnetic moment on sublattice A is given by
which indicates a r −3 decay, and is consist with the numerical results. Meanwhile, when the Anderson impurity is nonmagnetic with ǫ ↑ = ǫ ↓ , we have ∆n i,↑ = ∆n i,↓ and thus M i = 0. Compared with the numerical results, the analytic formulae above work quite well for the carbon atoms far away from the impurity in the half filling case. For finite doping, Q(E f ) = 0 and the first nonzero sum coefficient is
Ignoring other terms, we have
Considering that γ 0,σ (E f ) is complex valued, the above equation can be recast as Fig. 1(a) , and (b) to Fig. 1(b) .
where θ γ 0,σ (E f ) is the phase of γ 0,σ (E f ). A simpler expression can be got when |E f | < |t| and |E f − ε σ | ≫ |V 2 g 00 (E f )|. In this situation, θ γ 0,σ (E f ) is 0 or π depending on the sign of ε σ − E f . Then, ∆n i,σ reduces to
Interestingly, Eq. (23) is just the case shown in Figs. 1(a) and 1(b). In Fig. 1(a) , according to Eq. (23), the charge density variations for up spin and down spin on the same site always have opposite sign because ε ↑ < E f < ε ↓ , so that the FOs become spin asymmetric. And the corresponding magnetic moment is given by
Here, we see that both ∆n i,σ and M i on sublattice A will oscillate as a sine function with envelope decaying like r −2 . In the nonmagnetic case [ Fig. 1(b) ] where ε ↑ = ε ↓ , ∆n i,↑ = ∆n i,↓ and M i = 0. Another useful message is the period of the FO. Eq. (22) indicates that the period should be
For example, when E f = 0.6 eV, the oscillation period is about 22a 0 , which is in agreement with the numerical results in Fig. 1 . Actually, the oscillation period depends on the Fermi energy E f , i.e. Fermi momentum k f . The larger k f is, the shorter the oscillation period is. The behaviors of FOs revealed by the analytic expression (23) agrees well with the numerical results in last section. In Fig. 3 , we give a comparison between the analytic formula (23) and the numerical results got in last section. In Fig. 3(a) , we plot ∆n i,σ for the magnetic case with finite doping as in Fig. 1(a) . The solid lines with filled circles represent the charge density variations on sublattice A got by numerical calculations, where the red (black) ones denote up spin (down spin). The dashed lines with empty squares represent ∆n i,σ got by Eq. (23), where red (black) ones are for up (down) spin. As shown in Fig. 3(a) , although some approximations are used, the analytic formula works quite well. The comparison for the nonmagnetic case corresponding to Fig. 1(b) is given in Fig. 3(b) . Note that the analytical formulae above only work well for the cases when the carbon atoms are far away from the impurity.
C. Spin dependent FT-LDOS
Besides the charge density, the energy dependent LDOS is another quantity that can be directly probed by STM. Due to the impurity scattering, low-energy electrons (or quasiparticles) in the two valleys of graphene will interference with each other, and give rise to special LDOS patterns. Via the Fourier transformation of LDOS, i.e., FT-LDOS, we can acquire information about scattering, pseudospin texture and dispersion relation of quasiparticles.
In Fig. 4 , we calculate the FT-LDOS ∆ρ σ (k, ω) in momentum space using Eq. Fig. 4(a) ], while the signal of the down spin is tiny [ Fig. 4(b) ]. At ω = 1.3 eV [Figs. 4(c) and 4(d)], the reverse happens. This spin asymmetry in FT-LDOS means that the scattering of the up and down spin electrons occur at different energy. It is reasonable because that, when the Anderson impurity is magnetic, it can be viewed as an spin dependent local potential. Actually, in the presence of a magnetic Anderson impurity, electrons with up and down spin on graphene will form their own resonance states at different energy [27, 38, [48] [49] [50] [51] .
Besides the spin asymmetry, all the other typical features of the impurity induced FT-LDOS can be found in Fig. 4 , such as the the high intensity region around the Γ point, circles with 2k f radius at the first order spots of the reciprocal lattice, rotational-symmetry broken rings at the corners of first Brillouin zone [14, 15, 17, 19] . We expect that such special FT-LDOS can be detected in further spin-polarized STM experiment.
IV. SUMMARY
In summary, we theoretically investigate the Anderson impurity induced FO and QPI in graphene. We illustrate that, when the Anderson impurity is in magnetic phase, the induced FO will not only have sublattice asymmetry but also have spin asymmetry. The FO of the up and down spin electrons have a phase shift. Due to this spin asymmetry, a local magnetic moment oscillation around the impurity appears, and the total charge density oscillation will also be modified accordingly. Within SPA, we have also derived analytic expressions for the spin resolved charge density and the local magnetic moment to interpret the FO. We find out that, at half filling, there is no oscillation due to k f = 0, and the magnetic moment will decay like 1/r 3 . With finite doping, both up and down spin electrons will oscillate as a sine function but with a phase shift. Thus, the local magnetic moment oscillation is formed with the envelope decay being 1/r 2 . Finally, we numerically calculate the low-energy FT-LDOS induced by a magnetic Anderson impurity in doped graphene to analyze the QPI. It is also spin dependent, which implies that up spin and down spin electrons feel different scattering potential.
Our theory may offer some new understanding to the recent STM experiment about the hydrogen impurity on graphene [37] . In our recent work [38] , we have illustrated that, for a hydrogen impurity on graphene, the effect of Coulomb interaction on both impurity and carbon atoms can be equivalently represented by an effective on-site U of the hydrogen impurity. From this point of view, in addition to the half filling case, it is reasonable to expect that local magnetic moment oscillation on both sublattice can be found around the hydrogen adatom with finite doping. We expect that such prediction can be tested by future spin-polarized STM experiment.
Here, we illustrate that in doped graphene, once the Anderson impurity is in magnetic phase, the amplitude of total charge density oscillation can possibly be suppressed, in addition to the appearance of the local magnetic moment oscillation around the impurity. It is because that, with the parameters used here, the FO for up and down spin have a phase shift of about π. Thus, the charge density oscillation is suppressed since the FO of the two spin cancel each other.
To clarify this, we replot the charge density of both spin up and down [ Fig. 1(a) ] and total charge density [ Fig. 2(b) ] in Fig. S1 . It is obvious that the amplitude of total charge density oscillation is much smaller than that of each spin. text, the charge density variation is given by
(ω)T 00,σ .
(S1) Substituting g i0 (ω) in Eq. (13) into above, we have
where L σ (ω) = T 00,σ (ω)A 2 (ω), D = 2|Ri| 3a0 , µ is chemical potential and T denotes the temperature. The integral here can be done with the residue theorem. The singularities of the integrand are ω p = µ + i(2p + 1)πk B T (p = 0, 1, · · · ), at which the residue is given by Taking the limit T → 0 K,
We get the analytic expression for the charge density variation, which is just Eq. (15) in the main text.
